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Abstract. We give in this paper a new construction of factors of type IIIi . Under certain 
assumptions, we can, thanks to a result by Popa, give a complete classification for this 
family of factors. Although these factors are never full, we can nevertheless, in many cases, 
compute Connes' r invariant. We obtain a new example of an uncountable family of pairwise 
non-isomorphic factors of type IIIi with the same r invariant. 



Introduction 

Let N be a type IIoo factor endowed with a trace-scaling one-parameter automorphism 
group denoted by (a s ) sg R^. Let I be a countable, dense subgroup of R+. The crossed 
product of N by T under the action a, denoted by N x a T, is a factor of type IIIi; this factor 
has almost-periodic states and its invariant Sd is included in T (see [2] for further details). 
We want to generalize this construction to the case of a virtual subgroup of R: for (X, /i) 
a measure space with \i a finite or infinite measure, and (j^teR a measure-preserving, free, 
ergodic action of R on (X, (i) by automorphisms, we shall give the right definition of the 
crossed product of ./V by the virtual subgroup (L°°(X),^). 

We present the main result of this paper. First, we start with a factor P of type IIIi. 
Its core P x CT ^ R is a factor of type IIqo and does not depend on the choice of the state 
(or weight) to. Consider also a free, ergodic, measure-preserving flow 7 : R r\ (X,fi). The 
object of study is essentially the von Neumann algebra (L°°(X) ® P) x 7 ,g, CT ^ R. This von 
Neumann algebra turns out to be a factor of type IIIi whose core is canonically isomorphic 
to (L°°(X) x 7 R) (g> (P x CT ^ R) (see Theorem 1.8). Under this identification, the dual action 
is given by 9 S = j- s <g> 9^, with 7 the dual action of 7 and Q w the dual action of . Notice 
that since 7 is free, ergodic and measure-preserving, and R is amenable, L°°(X) x 7 R is the 
hyperfinite type IIqo factor. 

We shall prove a result of complete classification for this family of factors in the case the 
core P x„» R is a full factor. For this, we shall use a very nice result by Popa on unique 
tensor product decomposition of McDuff Hi factors. The following theorem is at the heart 
of this paper: 

Theorem 0.1. [10] Let Ri and R2 be two copies of the hyperfinite type Hi factor; let N\ and 
N2 be two full factors of type Let us assume that the factor N has both of the following 
decompositions: N = R\ <g) N± = R2 <Si N2. Then there exist t > and a unitary u G N such 
that R 2 = u*(R l ) 1 / t u and N 2 = ^(N^u. 

We can give an equivalent version of this theorem in the type IIoo case: 

Theorem 0.2 (Mc Duff IIqo factors). Let and be two copies of the hyperfinite type 
IIoo factor; let and 7V 2 °° be two full factors of type II^. Let a : (g) —> Rf N%° 
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be an isomorphism. Then, there exist a unitary u G <g N$° and two isomorphisms 
fi:Rf-> Rf, 7 : iV 2 °° such that for any x G <g TVf , u*a(x)u = (/? <g 7) (a;). 

We can now give our main result concerning the complete classification of the construction 
in the case P R is a full factor. 

Theorem 0.3. Let P be the factor of type IIIi whose core is isomorphic to L(Foo) (g B(TL) 
and the dual action is given by the trace-scaling one-parameter automorphism group [ctt)teK 
from Radulescu [11]. Let (Xi,pi,Y) (i = 1,2) be two measure spaces endowed with measure- 
preserving, free, ergodic flows. Denote Mi = (L°°(Xj) (g P) x 7 i 8ffU R (i = 1,2). Then Mi 
and M2 are isomorphic if and only if 7 1 and j 2 are conjugate. 

Since the construction is canonical, it is obvious that if 7 1 and 7 2 are conjugate then Mi 
and M2 are isomorphic. Let us give a few ideas about the proof of the converse. Assume 
that Mi and M2 are isomorphic. Then, we know that the cores of Mi and M2 are isomorphic 
and the dual actions are cocycle conjugate (see [18, 19] for further details). But for i = 
1,2, the core of Mi, denoted by Core(Mj), is isomorphic to the McDuff type IIqo factor 
(L°°(Xi) xy R) (g> (P x CT ^ R). If we apply the result by Popa (Theorem 0.2), we get on the 
"first leg" of the tensor product decomposition of Core(Mi) and Core(M2) an isomorphism 
7r : L°°(Xi) x 7 i R — > L°°(X2) x 7 2 R and a family (v s ) s& u of unitaries in Core(Mi) such that 
for any z G L°°(Xi) xy R 



Using classical techniques, we show that there exists a family of unitaries (w s ) s€ n which is a 
one-cocycle for 71 and such that 



At last, using classical results by Takesaki [18, 19], we prove that 7 1 and 7 2 are necessarily 
conjugate. Consequently, if the factor P satisfies the assumptions of Theorem 0.3 (and more 
generally if the core of P is full), the factor of type IIIi, (L°°(X) <g P) x-y®^ R, entirely 
remembers the flow 7. 

Finally, when P is a free Araki- Woods factor [17], we will compute Connes' r invariant for 
the factor (L°°(X) <g P) x 7 g, CT ^ R. We will exhibit a new example of an uncountable family 
of pairwise non-isomorphic factors of type IIIi with the same r invariant. 



Notation. We want to introduce here all the notations we will use in this paper. Let 
(A, (at)ten) and (B, ({3t)teR.) be two von Neumann algebras endowed with a one-parameter 
automorphism group. Let T : L 2 (R) — > L 2 (R) be the Fourier transform on R: for / G 
L 1 (R) n L 2 (R), F(f) = £ h-> J R f(t)exp(-it£)dt. So, if p = Ad(^) : L°°(R) -» B(L 2 (R)), 
we get for any t G R, pie 11 ') = pt, with p t the translation operators on L 2 (R). Let 
a : A — > A <g) L°°(R) defined by: for any x G N and any t G R, a(x)(t) = a_t(x). Let 
/3 : S -» L°°(R) ® B defined by: for any y G 5 and any i G R, /3(y)(t) = /9-t(y). 

Definition 1.1. PFe define the crossed product o/A and B under a and (3 in the following 
way: it is the von Neumann subalgebra of A®B(L 2 (R))®B generated by (a(A)®lUl®(3(B)) , 
with j3 = (p (g> 1)(3. We shall denote it by AaMpB. 




vr 1 j 2 s tt = w s j 1 s w*. 



1. The General Construction 



It is clear that A a M gB is canonically isomorphic to the von Neumann subalgebra of A (g) 
B(L 2 (R)) (g S generated by (<5(A) (g 1 U 1 (g /3(B)), with a = (1 (g p)a. Let (7 t ) t6R be a free, 
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ergodic flow on (X,/j,) and let (N, (at)ten) be a factor of type IIqo endowed with a trace- 
scaling one-parameter automorphism group. Let P be the factor of type IIIi, N x Q R. Let 
tn be a faithful, semi-finite, normal trace on N (this trace is unique up to a scalar A > 0) and 
let u) be the dual weight on P of tn under the action a; let a w be the modular automorphism 
group of the weight u> and (3 the action 7®(j w of R on L°°(X)®P. We shall denote by C the 
crossed product N a M 1 L°°(X) of TV and L°°(X) under a and 7. We will prove in Proposition 
1.2 that C<g>P(L 2 (R)) is canonically isomorphic to (L°°(X)®P) x 7(gxr tj R- We shall denote by 
(f) the n.f.s. weight r^uon L°°(X)®P, and the dual weight of 4> on (L°° ( X ) <g> P) x 7 <g, CT w R 
under the action /3. Moreover, most of the time L°°(X) <g> P ® P(L 2 (R)) will be denoted by 
M; the canonical embedding of ® P) x 7 (gi<jw R into M will be denoted by it. At last 

we know, according to Proposition 8.4 in [19], that (N x Q R) R is canonically isomorphic 
to N ® B(L 2 (R)), i.e. P x^ R = N <g) P(L 2 (R)). We shall always identify both of these 
factors. 

The following proposition gives a justification to Definition 1.1. 

Proposition 1.2. Let (A, (at) ten) and (B, (Pt)teR.) be two von Neumann algebras endowed 
with a one-parameter automorphism group. Let C = A a MpB. 

(1) If B = L°° (l^j , with T subgroup o/R and (Pt)teR is the action o/R by translations, 
then C is canonically isomorphic to A x Q T. 

(2) If A = Aq x q o R and a is the dual action of a° , then C is canonically isomorphic to 
(A ®B) x a o 0/3 R. 

Proof. (1) Let B = L°° (f ) , with (/3 t )teR the action of R by translations. Let G = f . For 
7 G T, let ii 7 G L°°(G) defined by u 7 (g) = (5,7). Then for any t € R, 

AK)(f) = <0-*>7> 

= exp(-i*7)(flf,7) 

= exp(-it7)n 7 (5). 

Thus, for any 7 e T, « 7 is an eigenvector associated with /3 t for the eigenvalue exp(— ^7). 
Therefore, /3(u 7 ) = p_ 7 ® ii 7 and consequently 

(l(g)/9(u 7 ))(a(o)<8)l)(l<8))S(ti 7 ))* = (1 ® p_ 7 )a(a)(l <g> p_ 7 )* (8) 1 

= a(cc_ 7 (a)) <8) 1. 

As L°°(G) is spanned by the operators ii 7 for 7 G T, it is clear that A a ]ApB is canonically 
isomorphic to A x a T. 

(2) Let A = Aq x a o R and let a be the dual action of a . We still denote by a : Aq — > A, 
the mapping defined by: for any x £ Aq and any t G R, = a° t (x). We shall denote 

by At G A the unitaries which implement the action a° of R on Aq. By definition of the dual 
actions [19], for any a £ Aq and any t G R, we get: 

a(a°(a)) = a°(a) ® 1 
5(A t ) = A t <g> p t . 

The von Neumann algebra ^LjX^P is generated by d(a (Ao)) <8> 1, a(Af) <8> 1 for i G R and 
1 (g> /3(P). But <8) 1 is isomorphic to Aq, 1 <g> (3(B) is isomorphic to B, and <5;(Ao) <S> 1 

and 1 <S> (3(B) commute in A a MpB. Moreover, for any a £ Aq and any b G B, we have 

a(A t )a(a°(o))a(A t )* = a°(a° t (a)) 

(a(A t )®l)(l<8>)3(6))(Q(A t )<8>l)* = 1 <8> /9(A(6)). 
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Finally, after trivial identifications, we get that A a h pB is canonically isomorphic to (Aq ® 
P)x Q o 8/3 R. □ 



From now on, let (N, a) be a factor of type ILjo endowed with a trace-scaling one-parameter 
automorphism group and let (jt)teK be a finite or infinite measure-preserving, free, ergodic 
flow on the measure space (X, jj). Let P = N xi a R and f3 = j<S>a w . According to the theorem 
of duality by Takesaki, we know that P x ff n R is canonically isomorphic to N <8> P(L 2 (R)). 
Thus, we get thanks to Proposition 1.2 that C <g> P(L 2 (R)) is canonically isomorphic to 
(L°°(X) ® P) Xp R, with C the crossed product N a tx\jL°°(X). From now on, we shall 
identify C <g> P(L 2 (R)) with (L°°(X) ® P) Xp R. For any weight V, we shall denote by A^ 
the modular operator associated with ip. Let r be the faithful, normal, semifinite trace on 
L co {X) given by the measure \x (preserved by the flow (7t)teR.)- It is clear that (j) = r <S> to is 
a faithful, normal, semifinite weight on L co {X) ® P. As r is preserved by the action 7t and 
uj by a i , it is obvious that is preserved by the action (3 t = It <8> f"t ' • Let the dual weight 
of 4> on (L°°(A) <g> P) X/j R under the action /3 and A s the unitaries which implement the 

action j3 of R on (8) P. According to Proposition 5.15 in [19], we know that acts 

on (L°°(X) <g) P) XpH'm the following way: for any x G L°°(A) ® P and s G R, 

crf(A s ) = A s . 

Let us denote by L 2 (X,fi) and L 2 (P,lo) the Hilbert spaces on which L°°(A) and P act 
canonically. Hence, the Hilbert space on which (L°°(X) ®P) XjjR acts is nothing but 
L 2 (X) ® L 2 (P, u) ® L 2 (R); by definition of the dual weight 4> on (L°°(X) ®P) x^R (see [19] 
for further details), we have 

Vt G R, A| = Ajf ® 1 

= 1 <g) AjJ ® 1. 

On the other hand, as the family (At) is in the centralizer of the weight 0, it is a one-cocycle 
for the action . We know according to Theorem 1.2.4 of [4] that there exists a faithful, 
normal, semifinite weight ip on (L°°(X) <g> P) R such that: 

Vt G R, erf = A t Vf A*. 

We denote by U the unitary representation of R on L 2 (X, /i) which implement the action 7 
of R on L°°(X). For any x G L°°{X) ® P, we have 

*?(f/j(aO) = A t Vf(7r /3 (x))At 
= -^^(af^At 

= 7r /3 ((7_ t ® id) (a;)). 
Hence, by definition of the modular operator, 
(1) Vt G R, A$ = C/_t <g> 1 <8) 1. 

Thus, from the Equation (1), it is not difficult to see that, since the action 7 is ergodic, 
the centralizer of tp (denoted by Cent(V>)) is the von Neumann algebra (7r CT w(P) U A(R))" 
spanned by ir a u(P) and A(R); after trivial identifications, it is nothing but N ® P(L 2 (R)) 
and consequently Cent(V') is a factor of type ILjo. We are now able to prove the following 
theorem: 
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Theorem 1.3. Let (N,a) be a factor of type IIqo endowed with a trace-scaling one-parameter 
automorphism group and (jt)teK be a finite or infinite measure-preserving, free, ergodic flow 
on (X, (i). Then the crossed product C = N a n^L co {X) is a factor of type IIIi . 

Proof. Let us prove first that C is a factor. We remind that C <S> P(P 2 (R)) is canonically 
isomorphic to (L°°(X)®P) x^R. We denote by 7r the natural embedding of (L°°(X)®P) X/3R 
into M = L°°(X)(S>P(S>P(L 2 (R)). As P is a factor of type IIIi, we know according to Theorem 
XII 1.7 of [18] that 

{P ® B(L 2 (R))} n (P x CT c R)' = C. 

So, it is not very difficult to see that 

{{L°°{X) ® P) x jm u R} n (1 ® tt(P x ct c R))' c L°°{Xf ® 1 ® 1, 

with L°°(A) 7 the fixed points subalgebra of L°°(A) under the action 7. But, as 7 is ergodic, 
we know that L°°(A) 7 = C. Consequently, we obtain that 

(2) {{L°°{X) ® P) x 70(7 . R} n (1 ® tt(P x ct . R))' = C 

and C is a factor. 

Furthermore, we want to prove that C is a factor of type III. Indeed, suppose that C were 
semifinite. Then (L°°(X) (g> P) x^ R would be semifinite and the modular automorphism 
group <t^ would be inner. Hence, there would exist unitaries ut G <8> P) x^ R such 

that af = Ad(u t ) for any t G R. But, this implies that u t G (L°°(X) ® P) x^ R n Cent(V>)', 
and thanks to Equation (2), we get af = Id for any tgR. That means exactly that ^ would 
be a trace and consequently = Id. Thus, according to Equation (1), Ut = 1 for any t G R 
which contradicts the fact that (74) is free. Therefore, C is a factor of type III. Moreover, as 
Cent(^) is a factor, we know according to Corollary 3.2.7 of [4], that C cannot be a factor of 
type IIIo- So now, if we want to find out the under-type of C, we can compute T invariant 
of Connes [4]. We remind that we have showed that af(iTp(x)) = 773 ((7_i ® id)(x)) for any 
x G L°°(X) <8) P. As the flow (7^) is supposed to be free, it cannot be periodic; moreover, for 
the same reasons as before, af cannot be inner. Therefore T{C) = {0} and C is a factor of 
type IIIi. □ 

Before proceeding, we are going to remind the definition of a strongly ergodic action of a 
locally compact group, the definition of a full factor and state a well-known theorem. 

Definition 1.4. [12, 13] Let G be a locally compact group which acts on a probability space 
X by {pig) in a finite measure preserving way. This action is said to be strongly ergodic 
when for any sequence of projections (p n ) in L°°{X), if the sequence {"fg(pn) —Pn) tends to 
*— strongly uniformly on compacts sets, then the sequence (p n — r(p n )l) tends to *— strongly. 

Definition 1.5. [2] Let C be a factor. Let (x n ) ng N be a bounded sequence in C . The 
sequence (x n ) is said to be centralising if for any normal state 4> on C, ||[ar n ,<^]|| — > when 
n — ► +00; it is said to be trivial if there exists a sequence of complex numbers (A n ) n6 N such 
that x n — \ n — > *— strongly. At last, the factor C is said to be a full factor if any centralising 
sequence in C is trivial. 

Theorem 1.6. [12, 13] Let G be a locally compact group. If G has Kazhdan property (T), 
then any ergodic action of G on a probability space is strongly ergodic. If G is amenable, then 
it cannot act strongly ergodically on a probability space. 

We are now able to state the following general proposition: 
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Proposition 1.7. Let (N,a) be a factor of type IIqo endowed with a trace-scaling one- 
parameter automorphism group and (jt)teR be a finite measure-preserving, free, ergodic flow 
on (X,fi). Then the crossed product C = N a n 1 L co (X) is a non- full factor. 

Proof. We still denote by M the von Neumann algebra L°°(X)®P®P(L 2 (R)) and we remind 
that C ® B (L 2 (R)) is canonically isomorphic to the factor (L°°(A)®P) x 7 <g, CT w R. We remind 
that 7r is the embedding of (L°°(X) ® P) Xp R into M. In order to prove that C is not a full 
factor, we have thus to find a centralising sequence which is not trivial. The action (7^) of R 
on L°°(X) is not strongly ergodic because R is abelian and thus amenable. Therefore, there 
exists a sequence of projections (p n ) in L°°(X) such that (it(Pn) ~Pn) tends to *— strongly, 
uniformly on compact sets, but (p n — r(p n )l) does not tend to *— strongly. We have now 
to study the behaviour of (p n ) in (L°°(X) ® P) x^ R. The fact that (lt(Pn) — Pn) tends to 
*— strongly, uniformly on compact sets implies that in M, (7r(p n ) — p n ® 1 ® 1) tends to 
*— strongly. Furthermore, every single element p n ® 1 ® 1 is central in M and therefore it 
commutes trivially with any normal form on M: hence (p n ® 1 ® 1) is a centralising sequence 
in M. As (vr(p n ) —p n ® 1 ® 1) tends to *— strongly, (7r(p n )) is also a centralising sequence in 
M. Consequently, (p n ) is also a centralising sequence in (L°°(X) ® P) x^ R. Moreover, one 
can easily prove that (p n ) is not a trivial sequence in (L°°(X)®P) xi^R because (p n — T(p n )l) 
does not tend to *— strongly. Consequently, C is not full. □ 

We can notice that C may be full when the preserved measure \x is infinite. For example, if 
R acts by translations on (R, A), then A r Q x 7 L 00 (R) is isomorphic to P = N x a R according 
to Proposition 1.2, which is full if N is full [15]. We are now going to give a precise description 
of the core of the factor C. 

Theorem 1.8. Let (N,a) be a factor of type IIqo endowed with a trace-scaling one-parameter 
automorphism group and (jt)teK be a finite or infinite measure-preserving, free, ergodic flow 
on (X,fi). Then the crossed product C = N a M 1 L°°(X) is a factor of type IIIi whose core is 
isomorphic to 

(L°°(X) x 7 R) ®N. 

Under this identification, the dual action o/R on the core of C , denoted by (0 S ), is given by 
8 S = 7_ s <8) a s , with 7 the dual action 0/7. 

Proof. For the convenience of the proof, we shall denote by N\ the crossed product Px„»R; 
we know that N± is nothing but N <£> B(L 2 (R)), and according to Theorem 4.6 in [19], the 
dual action of on N\ is nothing but at <S> Ad(p*) with p t the left regular representation of 
R on B(L 2 (H)). We remind that r is the faithful, normal, semifinite trace on L°°(X) given 
by the measure fi (preserved by the flow (it) ten)- It is clear that <p = r <8> uj is a faithful, 
normal, semifinite weight on L oc (X) P. As r is preserved by the action 7^ and uj by o~£, it 
is obvious that (ft is preserved by the action @ t = j t <S> o~¥ ■ Let (ft be the dual weight of <f> on 
(L°°(X) (8) P) -a 13 R under the action 0. Let us denote by H = L 2 (X, fx) et /C = L 2 (P, to) the 
Hilbert spaces on which L oc (X) and P act canonically. Hence, (L°°(X) <8) P) Xg R acts on 
L 2 (R, H®K). Let us denote by Core((L°°(A) <g> P) R) the core of the factor (L°°(X) ® 
P) x^ R. By definition, we have Core((L°°(A) <g> P) x^ R) = ((L°°(X) ® P) x^ R) x^ R. 
The core of (L°° (X) ® P) x ^ R acts on the Hilbert space L 2 (R x R, H ® /C) , and it is spanned 

by 7r ^(-/V) and p(R), if we denote by p s the unitaries which implement the action of R 
on (L°°(A) ® P) x^ R. Therefore, Core((L°°(A A ) ® P) x^ R) is spanned by three types of 
operators: 

(1) a ® 6 = 7r^ 07173(0® 6), for a G L°°(X) and 6 G P; for any C G -^ 2 (R x R,H®/C), we 
have ((^06)0(5',^) = (7-f (a)®^ ( ^ +t /)(6)) C0»',O- 
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(2) u t = tt $ (X t ), for t G R; for any ( G L 2 (R X R,W ® /C), we have (u t C)(s',t') = 

(3) Us = p S) for s G R; for any ( G L 2 (R x R,ft ®/C), we have (u s C) («'.*') = CO' - 
Let {/ be the following unitary: 

L 2 {R,H) <g>L 2 (R,/C) -► L 2 (R x R,W(g)/C) 

Let us denote by 7r 7 (-L°°(X)) and A ff (R) the images of L°°(X) and R in the crossed product 
L°°(X,n) x 7 R; in the same way, we denote by ir a u(P) and A rf (R) the images of P and R 
in P R = iVi. But now the question is: what is the behaviour of our three types of 
operators when we intertwine them by the unitary Ul Let £ G L 2 (R,H), rj G L 2 (R, /C), s, 
s', t and i' G R. We have 

(U*Z®W(£ ® r/)) (s', t') = 7 -t' (aW) ® <t^ s , (6)r/(s') 
(?7*ut?7(£(g)7/))(s / ,0 = £(t' -t)®rj(s' -t) 
(U*v s U(Z®ri)){s',t') = e(0®7/(s'-s). 

Using notations we have just introduced, we easily obtain: 

(3) U*a®bU = 7r 7 (a) <g> 71-^(6) 

(4) C/* Ut [/ = A£®A? 

(5) ETu s E/ = 1 <8) Af. 

Therefore at this stage, we have proved that the core of (L°°(X) <g) P) x^ R, intertwined by 
U, is equal to 

(L°°(X) x 7 R) ®iVi. 

It remains us to understand what the dual action of (denoted by S ) is. According to [19], 
for any g G R and s, t G R, we have: 

6 g {a®b) = a®b 

9g(Ut) = U t 

9 (V S ) = < "V,. 

For any g G R, let 6^ = U*9 g U; we notice, thanks to Equations (3), (4) and (5) that: 

0' g (7r 7 (a) <g) 71-0^0 (6)) = 7r 7 (a) ® ^0 (6) 
^(A?®1) = e^(A?®l) 
^(l®Af) = e-^(l®Af). 

Finally, as at ® Ad(p£) is the dual action of <r w , we know according to [19] that the dual 
action 6' g is given by: 

Vg G R, e' g = % g ®« s 8 Ad(/>*). 

As C ® B (L 2 (R)) is canonically isomorphic to (X) <8> P) x^R, after trivial identifications, 
we obtain that the core of C is nothing but (L°°(X) x 7 R) ® N and the dual action is given 

by7_ s (g>a s . □ 
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2. Classification in the Case N is a Full Factor 



In this section, we shall assume that A is a full factor of type IIqo endowed with a trace- 
scaling one-parameter automorphism group denoted by (at)teR and (7t)teR is a f ree > ergodic, 
measure-preserving flow on (A, jj). The first example of such a full factor A has been given 
by Radulescu in [11]: it is L(Foo) (g B{TL). We can notice that other examples exist thanks 
to the theory of free Araki- Woods factors developed by Shlyakhtenko in [14, 15, 17]. 

Before stating the main theorem of this section, let us introduce a few notations. Let 
(A, /i) and (X',/j,') be two measure spaces on which R acts by 7 and 7' in a free, ergodic 
and measure-preserving way. Let (N, a) and (N',a') be two full factors of type IIqo, both of 
them endowed with a trace-scaling one-parameter automorphism group denoted by a and a'. 
According to [19], the covariant systems (N,a) and (N',a') are said to be weakly equivalent, 
if there exist an isomorphism tt : N — > N' and a strongly continuous family of unitaries (u s ) 
of N such that (u s ) is a one-cocycle for the action a and for any x £ N and any s G R, 

7T~ 1 a' s 7r(x) = u s a s (x)ul. 

Takesaki proved in [19], Corollary 8.4, that it is equivalent to say that the factors N x a R 
and N' x a / R are isomorphic. Let us denote by C the crossed product N a M 1 L°°(X) and C 
the crossed product N' a /t<yL°°(X'). As our construction is canonical in a obvious way, it is 
clear that if the flows (A, 7) and (A', 7') are conjugate and (A, a) and (A', a') are weakly 
equivalent, then C and C are isomorphic (this claim is true even if N and N' are not full). 
We want to prove the converse here, when N and N' are full: 

Theorem 2.1. If C and C are isomorphic, then (N,a) and (N',a') are weakly equivalent, 
and the flows (A, 7) and (A', 7') are conjugate, i.e. there exists an isomorphism tt : L°°(A) — > 
L°°(X') such that for any t G R, TT^t = It 71 - 

First of all, we want to prove an important result about full factors of type Hi . 

Lemma 2.2. Let M be a full factor of type II± and N be any type Hi factor. Then, for any 
net of unitaries (ui) in M (g N such that \\ 

|| 2 -> for all x G M ® N, 

sup \\ui(x <g> 1) — (x ® l)Ui\\2 — > 0. 
x6M,||x||<l 

Proof. Let Jm be the canonical anti-unitary on L 2 (M) associated with the trace tm- Let 
(■Uj) be a net of unitaires in M N such that \\xui — Uix\\2 —> for all x G M <g> A. We 
are going to prove that \\ui — 1 <g> ^jv^j)^ — > with : Af ® A — > A the conditional 
expectation defined by = r M <8> Id. It will prove our result; indeed, for any x G M, as 
x <g) 1 commutes with 1 (g) Ejy(ui), we get ||(x (8> l)uj — itj(x (g) 1 ) 1 1 2 = ||(x <g — Vi(x <S> 1)||2, 
with = — 1 (g E^{ui). Moreover, for any x G M, \\x\\ < 1, we have 

||(s®l)ui-Ui(a;®l)||2 < \\(x® 1)^|| 2 + \\vi(x ® 1)|| 2 

< || (x (g l)«i||2 + || {Jmx*Jm ® IMH2 

< Ikll Ibilb + ||«/mx*Jm || 1 1 ^« 1 1 2 

< 2||^|| 2 . 

Consequently, we get 

sup || (a; (g l)itj - (g 1)|| 2 < 2||iti - 1 <g E N (ui)\\ 2 -»■ 0. 
xeM, ||x||<1 

We shall denote by M G L 2 (M) and Sl^r £ L 2 (A) the images of 1m G M and ljy G A 
associated with the GNS constructions respectively for M and A. For any x G M and 
x' G M', [ui,xx'®l] = (x'(gl)[uj,x(gl]. Therefore, as (itj) is a bounded net in B(L 2 (M))® A, 
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we get that for any y G C*(M, M'), [ui,y (8 1] — > *— strongly. According to Theorem 2.1 
in [3], as M is a full factor of type Hi, we know that K(L 2 (M)) C C*(M,M'). Thus, if 
we denote by Pq m E B{L 2 {M)) the rank-one projection onto CQm, we have proved that 
[ui, Pn M <8 1] -> * -strongly. 

We still denote by : C — > L 2 (M) the map which sends A onto A^m • It is easy to notice 
that Qm^m = Pn M : L 2 (M) -> L 2 (M). We can notice that Pat(^) = (8) l)!ij(n M <8 1), 
thus 

E N ( Ui yE N ( Ui ) = (Q* M ® l)u*(Pn M (8)1)^(^(8)1) 

= (fi^ ® l)(Pn M ® 1)(^m ® 1) - (njf ® l)<[tii,fh M (8) <8 1). 

Finally, we get 

= ((ui - 1 (8 E N (ui))(n M <8 Hat), (u; - 1 <8 £jv(«i))( fi M <8 ^aO) 
= l-T N (E N (ui)*E N (ui)) 
= (u*[ui,Pn M <8 1](Hm <8 fi^), (J)m <8 ^aO) 
< ||[«i,Pn M fijv)|| ■ 

As we know that ||[uj, P^ M ® 1](^M <8 fijv)|| - * 0, the proof is complete. □ 

Before proceeding, we want to remind a few things on basic constructions. Let B C N be 
an inclusion of type Hi factors; we denote by es '■ L 2 (N) — > L 2 (B) the orthogonal projection, 
and Eb ■ N ^ B the unique trace-preserving conditional expectation from A onto P. If we 
denote by Jat the canonical anti- unitary on L 2 (N) associated with the trace tn, it is well 
known that 

{N,e B } = (NUe B )" 

= J N {B'DB(L 2 (N))}J N . 

Moreover, as ee commutes with B and as for any x € N, esxes = Eb{x)6b, NesN turns 
out to be a *— algebra; as the central support of es is 1, NesN is weakly dense in (A, es). 
Then we can define a semiflnite canonical trace on (N,es) in the following way: 

Vx, j/GJV ^(xesy) = TN{xy). 

According to [6], we remind that if a type Hi factor M is decomposed as M = M\ (8 M2 
for some type Hi factors M±, M2 and t > then, modulo unitary conjugacy, there exists a 
unique decomposition M = M\ <8 such that p\M\p\ V P2M2P2 and (7iM*(/i V g^-M^*^ 

are unitary conjugate in M for any projections pj £ Proj(Mj), i = 1, 2 and c/i € Proj(M*), 

g 2 e Proj(M 2 lA ), with r(pi)/T(gi) = r(g 2 )/r(p2) = t. 

We are now able to state the result by Popa of conjugation of subfactors in type Hi factors 
mentioned in the introduction (see [6] for other results of the same kind). Our complete 
classification is based on the following theorem. We wish to gratefully thank Sorin Popa for 
allowing us to present it here. We should mention that Sorin Popa has recently given a proof 
of his result in [10]. For the sake of completeness, we shall give a proof of this theorem. 

Theorem 2.3. Let R\ and R2 be two copies of the hyperfinite type ll± factor; let N\ and 
N2 be two full factors of type Hi . Let us assume that the factor N has both of the following 
decompositions: N = R\ (8 N\ = R2 <8 A 2 . Then there exist t > and a unitary u £ N such 
that R 2 = u^R^u and N 2 = u*{Ni) l u. 



Ui-l® E N {ui)\\ 2 
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Proof. First of all, we are looking at the inclusion N\ C R±®Ni = N; we know now, according 
to Lemma 2.2, that for any central sequence of unitaries (u{) in N, 

sup || (x <g> l)Ui - Ui(x <g> 1 ) I j 2 —> 0. 

xeNi, \\x\\<l 

If we write the hyperfinite type Hi factor i?2 = ^ n >i(^- a ^2(C), r), and if we denote by R. 
the product (^) n>no (Mat2(C),r), we get immediatly that for any no > 1, R2 = Mat2™o(C) ® 

R^ o) . Therefore, as TV = R 2 <8> N 2 , we obtain that 

Ve > 3n G N Vu G U(N{) Vu G U(R ( 2 no) ) \\uv - vu\\ 2 < e. 

Let e = \. So, we know there exists no G N such that for any u G U{N\) and any v G 

U{R 2 K)S> ), \\uv — vu\\ 2 < \- For an inclusion B C TV of type Hi, we know according to 
Proposition 1.3.2 in [9], that for any x G N 

Ebtin{x) G co w {u*xu,u G U(B)}. 

Here, let B = N u then B'nN = R 1 . Noticing that for any u G ?7(iVi) and any v G U(R^ o) ), 

\\uv — vu\\ 2 = \\v — u*vu\\ 2 , we get that for any v G (/(R^ ^), \\v — E Rl {v)\\ 2 < \ (the same 

technique is used in [8]). Let now a G ~&?"\y*e Rl v , v G U(R 2 l °^)} of minimal || • ||2,$— norm. 
We are going to prove that a is not 0. From the one hand, for any u G N, the basic 
construction for fiiCJV gives us e Rl u*e Rl ue Rl = E Rl (u*)E Rl (u)e Rl . From the other hand, 

as for any v G U(R ( 2 no) ), \\v - E Rl {v)\\ 2 < ±, we get for any v G U(R ( 2 m) ), \\E Rl {v)\\ 2 > \. 

Thus, for any v G U(R ( 2 no) ), 

He Rl v*e Rl ve Rl ) = &(E Rl (v*)E Rl (v)e Rl ) 
= t n (E Ri (v*)E Ri (v)) 

= \\E Rl (v)\\ 2 2 

1 

4' 

therefore &(e Rl ae Rl ) > \, and a 7^ 0. Furthermore, as a is of minimal || • H2,*— norm, 
necessarily we have for any v G U{R! 2 n °" > ), a = v*av. Finally, we have found a G (N,e Rl ) + n 

(R^)' with a / and $(a) < 00. We can notice that (N,e Rl ) = R 1 <g> 5(L 2 (/Vi)); so, if 
we denote by e the spectral projection of a corresponding to the interval [||a||/2, ||a||], then 
e is a finite non-zero projection in R\ ® B{L 2 {N\)), which commutes with R^. We can 
proceed by using the proof of Proposition 12 of [6]. The Hilbert space H = eL 2 (N) is an 
i?2™°^ — Ri Hilbert bimodule and dimH Rl < 00. As R[ n TV = N± is a factor, Proposition 
12 of [6] claims that there exists s > and u G I7(JV) such that uR^u* C i?f . Thus, up 

(nr.} 

to a conjugation by a unitary in N, we get i? 2 ^ ^f- But by construction, we know that 
R 2 = Mat2«o(C) <8) R^ ^, so up to a conjugation by a unitary in N, we get -ft]/ 2 ° -^li 
i.e. up to a conjugation by a unitary in TV, we have R 2 C .Rf with s' = 2 n °s. So, we get 
that N 2 = R V Nl /s ' with R = R' 2 n R{ . Since N 2 = R ® N^ 3 ' , i? is a subfactor of i?f'. 
As A^2 is a full factor, i?o has to be finite-dimensional. If <i 2 = dimit^ t = d/s', and if we 
decompose N as R 1 ^ N{, we obtain up to a conjugation by a unitary in iV that N 2 = N{ 
and i? 2 = R 1 / 1 . □ 



> 



The following lemma is an easy consequence of the previous theorem. It is this result we 
will use in the proof of Theorem 2.1. 
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Lemma 2.4. Let and Rf be two copies of the hyperfinite type IIqo factor; let iVf° and 
N%° be two full factors of type IIqo. Let a : R^°®N^° — > R^^N^ be an isomorphism. Then, 
there exist a unitary u G Rf" <8> N£° and two isomorphisms (3 : Rf — > i?2°, 7 : ATf — > A"|° 
suc/t i/tai /or any x G J?f° (8) iVf , u*a(x)u = (/? <8 7) (a). 

Proof. Let a be an isomorphism from (8) A] 30 onto (8 A"|°. Let ei and /1 be two finite 
projections in R^° et Nf°. It is clear that a(e± (8 /1) is a finite projection in <8 A"|°; thus 
there exist two finite projections e2 and /2 in Rf and AT|° such that aie\ ® f\) ~ e2 <8 /2- 
If we denote by pi the projection ct(e\ (8 fi), as -RSf (8 iV^° is a properly infinite factor, there 
exists a family (p n ) of pairwise orthogonal and mutually equivalent projections such that 
J^Pn = 1- If we do again the same thing with q\ = ei <8 /2, we obtain another family (g n ) 
of pairwise orthogonal and mutually equivalent projections such that ]P q n = 1. But, as 
Pi ~ <?i ; we obtain for any n G N, p n ~ o n . Let « n G i?^ <8 A^ be the partial isometry such 
that u* n u n = p n and u n u n = q n ; then u = ^ -u n is a unitary in Rf <g> Ng° and up\u* = q\. 
Consequently, up to a conjugation by a unitary, we can assume that a(e± <8> f\) = &2 <8 $2- 

From now on, we denote by R\ the factor (Rf ) ei and N\ the factor (A^f )^. We obtain 
immediately that a{R\ <8 Aq) = (i?2°)e2 ® (-^2°)/2> because a(e\ <8> f\) = e2 <8> /2- According 
to Theorem 2.3, as a(i?i (8 (i?2°)e 2 are two copies of the hyperfinite factor of type Hi, 
and a(e\ <8> Aq), (Ng )^ are two full factors of type IL, we know there exists a unitary 
u G a(Ri <8 Aq) and t > such that: 

Ua(J?i®/i)«* = {(i? 2 00 )e 2 } lA 

and «a(ei ® JVi)«* = {(iV 2 °°) /2 }* . 
Moreover, there exist a projection e' x in ifif and a projection /{ in A^ such that: 

{(R?)e 2 } lft = (*§°)el ^d {(Ar-) /2 }* = (AT-) /( . 
Consequently, we have proved: 

and ua(ei (8) Aq)u* = (g) (N%°)fi . 
Thus, up to a conjugation by a unitary, we can assume that: 

a(l?i®/i) = (i^°)ei®/i 
and a(ei (8 Aq) = <8 (A^ 00 ) ^ . 

Let (eij)ij>i be a system of matrix unit in R™ such that en = e\, = ^* (-^1 ® -^G 2 )) ^ 
with the unitary F defined in the following way (we shall assume that i^f 3 acts on the Hilbert 
space 71): 

y TL —> eiH®l 2 
h i-> (ei„/i) 

In the same way, we denote by (fij)i,j>i, ( e 'ij)i,j>ii (flj)i,j>i the systems of matrix unit 
associated respectively with ATf°, R%°, Nrf. Let us denote by U the unitary X)ij( e a ® 
/j 1 )a(eij (8 fij). The computation of Uaie^ <g> fji)U* gives us: 

LT a (e ifc <8 /jj)^* = (e-! (8 fji)a(e u fij)a(e ik fji)a(e k i <8 /u)(e' u (8 /^) 

= (4®/ii)(en«)/ii)(ei fe ®/^ 
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Let P : — > Rf defined in the following way: (3(x) = a(x) for all x G R\ and (3{eij) = e^- 
for all i,j > 1. It is clear that /3 is an isomorphism from onto In the same way, 

we define 7 : — > A^|° by: 7(x) = a(x) for all x G iVi and 7(/ij) = f[j for all z, j > 1. 
Once again, 7 is an isomorphism from onto -/V|°. Finally, with these notations, for any 
x G -Rf 3 <8 iVf 3 , we have: 

Ua(x)U* = (/9®7)(x). 

□ 

Proof of Theorem 2.1. We keep the notations introduced at the beginning of this section, 
C = 7V Q x 7 L°°(A) and C" = N' a > MyL°°(X'). We have seen, according to Theorem 1.8, 
that the core of C is isomorphic to (L°°(X) x 7 R) ® N and the dual action S is given by 
8 S = % s (g, as . The same thing is true for C". As C ~ C , (Core(C),0) and (Core(C'), 0') 
are weakly equivalent, according to Corollary 8.4 of [19]. That means that there exist an 
isomorphism it : Core(C) — > Core(C') and a strongly continuous family of unitaries (u s ) of 
Core(C) such that (u s ) is a one-cocycle for # s and for any x G Core(C) and any s G R, 

tt^ 1 9' s tt(x) = u s 6 s (x)u*. 

But, according to Lemma 2.4, we know that there exist a unitary u G Core(C') and two 
isomorphisms 717 : L°°(X) xi 7 R — > L°°(X') XyR, Tr 2 : N —> N' such that for any x G Core(C), 

lt7r(x)«* = (7Tl (8> 7T 2 )(x). 

Thus we obtain, for any x G Core(C) any s G R: 

^(vr(x)) = Tr(u s )Tr(6 s (x))Tr(u s y 
^(n)*^((7ri(8)7r 2 )(x))^(u) = 7r(u s )u*(7n (8) 7r 2 )(0 s (x))mr(« s )*. 
If f s = (7Ti (8 7r2) -1 (0g(u)7r(« s )u*), for any x G Core(C) and any s G R, we have 

(tti (8) 7r 2 )~ 1 ^((7r 1 (8 tt 2 )(x)) = 1)^,(1)1);. 
If we take now x = z (8 1, for z G L°°(X) x 7 R, we have 

(tTx)" 1 (9_ s (7Tl(z))) ® 1 = V S {% S { Z ) ® 1)<. 

Let us denote /3 S = (7ri) -1 7'_ a 7ri7 s ; it is an automorphism of L°°(A) x 7 R. Moreover, for 
any y G L°°(X) x 7 R, we have 

(8 l)u a = v 8 (y<8>l). 

Now, we are going to use a classical technique. Let <f> G iV*; we have, for any y G L°°(X) x 7 R, 
the equality: 

&(l/)(id®0)(t; s ) = (id®<f))(v s )y. 
As u s 7^ 0, there exists necessarily cf) G iV* such that (id<80)(f s ) / 0. A classical lemma 
allows us to claim that (3 S is an inner automorphism of L°°(X) x 7 R. Therefore, there exists 
a family of unitaries (w s ) in L°°(X) x 7 R (we can choose it strongly continuous because 
s h- > /3 S is a continuous map), such that for any z G L°°(X) x 7 R, 

(6) (ti)~ 1 7 / s ti(2) = ^(2)^. 

But, we have to be careful here because (w s ) is not in general a one-cocycle for 7; for s and 
4 G R, 

(7Ti) -1 7 / s 7 / t7ri = Ad(w s 7 s (u; t ))7 s+t 

and (vri) _1 7' s +^i = Ad(w s+t )% +t . 

Consequently, Ad(w s 'y s (wt))'ys+t = Ad(w s+t )ls+t, and we obtain that w* +t w s '%(wt) is in the 
center of L°°(X) x 7 R; As L°°(X) x 7 R is a factor, we have finally proved that w* s+t w s %(w t ) G 
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T. Hence, there exists u(s, t) G T, such that w s+ t = w(s, t)w s j s (wt). Moreover, we can easily 
see that cu(s, t) satisfies a 2-cocycle relation. But, it is well-known that Z 2 (R, T) = B 2 (R, T), 
therefore co(s, t) is a coboundary and there exists a map A : R — > T, such that for any s, i G R, 
= A(s + t)\(s)X(t). We can notice that if we multiply w s by A(s), A(s)u> s becomes a 
one-cocycle for 7 and we do not change the Equation (6). Finally, up to a multiplication by 
a scalar A(s) G T, we can assume that u> s is a one-cocycle for 7. 

We can apply now Proposition 4.2 of [19]. We obtain the existence of an isomorphism 
7f : L°°(A) <g> £(L 2 (R)) -» L°°(X') ® B(L 2 (R)) which intertwines both of the bidual actions 

7? and 9, i-e. for any s G L°°(A) ® 5(L 2 (R)), 

7f7 s (x) = j' s tt(x). 

Moreover we have both of the equalities 7,, = 7 S (g> Ad(A*) and j' s = j' s <8> Ad(A*). We can 
notice that L°°(X) = Z(L°°(X) ® B(L 2 (H))) and L°°(X') = Z(L°°{X') <g) £(L 2 (R))). Let us 
denote by p : L°°(A) — > L°°(X / ) the isomorphism obtained from jf by taking restrictions to 
the centers. Finally, we obtain for any s G R and x G L°°(X), 

Therefore, we have proved that the flows (X, 7) and (X',j' t ) are conjugate; we can prove 
exactly in the same way that (N, a) and (N' , a') are weakly equivalent. □ 

3. Computation of Connes' t Invariant 

For this section, we are going to keep the same notations as before. We shall denote by C 
the factor of type IIIi, iV Q n 7 L°°(X); we remind that C®B(L 2 (R)) is canonically isomorphic 
to (L°°(X) <g>P) xi-y®^ R with P = N x a R. We assume that the flow 7 is free and ergodic and 
finite or infinite measure-preserving; the action 7 <g) will be still denoted by (3 and \ s are 
the unitaries which implement the action of R on L°°{X) <g> P. Furthermore, we shall assume 
that P is a free Araki- Woods factor [17]; but N is not necessarily full. At last, we shall denote 
by a the canonical embedding of (L°°(X) <g> P) into M = P ® L°°(X) <g> B(L 2 (R)). 

First of all, let us remind the definition of Connes' r invariant. 

Definition 3.1. Let C be a factor of type IIIi. Let e : Aut(C) -» Out(C) = Aut(C)/Inn(C) 
6e the canonical projection. Let -ip be any weight on C . The mapping 5 : R — > Out(C), wii/i 
= e(af) is independent of the choice of the weight ip thanks to Theorem 1.2.1 of [4]. 
The t invariant of C, denoted by r(C) is the weakest topology on R that makes the map S 
continuous. 

Although C is not a full factor, we can nevertheless give an explicit computation of Connes' 
r invariant in many cases. We want to remind a few things about free Araki- Woods factors 
[17]. Let Tin be a real Hilbert space and (Ut) be an orthogonal representation of R on Wr. 
Let H = Hr,®r,C be the complexified Hilbert space. If A is the infinitesimal generator of (Ut) 
on H, we remind that j : — > 7i defined by j(Q = ( A 2 i +l ) 1 ^ 2 C is an isometric embedding 
of Tin into Let -?Cr = j(TCn). For ^ G TC, we denote by Z(^) the creation operators on the 
Fock space J-(7i) and s(^) their real part. By definition, T(Tin, Ut)" = {s(£)>£ ^ -^r}"- 

Definition 3.2. Zei 7Yr be a real Hilbert space and (Ut) be an orthogonal representation of 
R on 7Yr. Let P = T(Hr_, U)" be the free Araki-Woods factor associated with (Ut) and Hr 
[17]. We shall say that P satisfies the condition (M) of mixing if there exist £, 77 € 7Yr, such 
that the continuous function f defined by f(t) = {Utj£,,jn) vanishes at infinity and f ^ 0. 
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For example, if H R = L 2 (R,R) and U t = X t for any t G R, the factor r(L 2 (R, R), At)" 
satisfies the condition (M). We remind that r(L 2 (R, R), At)" is nothing but N x a R, with 
N = L(Foo) (g) B(7i) and a the trace-scaling automorphism group of Radulescu [11, 16]. The 
aim of this section is to prove the following theorem: 

Theorem 3.3. Let P = r(Ttn,Ut)" be a free Araki-Woods factor satisfying the condition 
(M). For C = A a M 7 L°°(A), r(C) = the weakest topology on R that makes the map t \— > 7t 
continuous for the u-topology on Aut(L°°(X)). 

The proof of this result is based on a kind of "14e lemma" , it will be stated in the Appendix 
(Lemma 4.1). 

From now on, we are going to use notations and results of [2]. For C our factor of type 
IIIi, for any normal faithful state <p on C and for any free ultrafilter u> on N, we shall 
denote by the norm closed *— subalgebra of i°°(N, C) of all sequences (x n ) nS N such 
that ||[x n ,(/?]|| — > when n — > to. Let 1^ — {(x n ) n gN)^n — * * — strongly when n — > u>}. It 
is a two-sided ideal of Z°°(N, C). Moreover, A^ ^ fl I u is a two-sided ideal of the C*— algebra 
Atp^oj, and the canonical quotient map will be denoted by p v ^. We shall denote by C w the 
ultraproduct of C along u>, i.e. the quotient of Z°°(N, C) by the two-sided ideal I u ; we shall 
denote by CL^ the quotient of the C*— algebra by the two-sided ideal A^^ fl I w . We 
know, according to Proposition 2.2 of [2], that is a finite von Neumann algebra. Let 
ip be a given faithful normal state on C and V the set of faithful normal states on C with 
oi(p <i)< a~ l (p f° r some a > 0. Let 

= f^j ptp,txi{A(p^ riA^,^). 

According to Theorem 2.9 of [2], C w is a finite von Neumann called the asymptotic centralizer 
of C at w. Before proceeding, we want to remind a classical result on compact operators on 
the Hilbert space P 2 (R). 

Proposition 3.4. Let A C -B(L 2 (R)) be a unital C *-algebra. Assume that for any t 6 R, 
Xt G A and that there exists f G C (R) ; / / 0, smc/i t/iat My G ^4 ^My is i/je multiplication 
operator). Then K(L 2 (R)) C A. 

Proof. We identify g with M g for any 5 G C (R). Since / 7^ and all its translations 
belong to ^4 n C (R), A n C (R) is a sub— C*— algebra of C (R) which separates the points. 
Consequently, A n C (R) = C (R) and thus C (R) C A. Moreover, C*(R) C A because for 
any teR,A(£A Therefore, if(L 2 (R)) = [C r *(R)C (R)] C A □ 

For any subset E C C and a sequence (x^) of elements in C, we shall say that (x&) almost 
commutes with E" if for any a £ E, [x^, a] — > *— strongly. Let C = A a N 7 L°°(A); we know 
that C (g)i?(L 2 (R)) is canonically isomorphic to (L°°(X)<S>P) >ip R. We remind that we have 
denoted by (f> the dual weight on (L°°(X) ® P) R of the weight ^ = r®won L°°{X) ® P. 
Let At be the unitaries in (L°°(X) <8> P) x\p R which implement the action (3 = 7 <S> a w of R 
on L°°(A) (8) P. As the family (At) is in the centralizer of the weight <f>, it is a one-cocycle 
for the action a^. We know according to Theorem 1.2.4 of [4] that there exists a faithful, 
normal, semifinite weight ip on (L°°(X) ® P) x^R such that: 

Vt G R, af = X* t a?X t . 

We remind that we have shown in the first section that for any t G R and any x G L°°(X)<S>P, 
(7) af(7r /3 (x)) = vr /3 (( 7 _t®id)(x)). 

14 



Thanks to Equation (7), we know that Cent(Y>) = (tt^(P) U A(R))" ~ P x CT " R. We are 
proving now, thanks to Proposition 4.2, the following technical lemma which will turn out to 
be essential in proof of Theorem 3.3: 

Lemma 3.5. Let C be as in Theorem 3.3, and tp the weight on (L°°(X) <£> P) R which 
satisfies Equation (7). Let uj be any free ultrafilter on N. Any bounded sequence (u n ) of 
(L°°(X) ® P) R which almost commutes with Cent(V>) is centralising. In a shorter way, 
we have the following equality: 

((L°°(X) ® P) *p R) w n Cent(V)' = ((L°°(X) ® P) Xp R) w . 

Proof. The inclusion D is trivial. We have just to prove C. We assume as in Theorem 3.3, that 
P = r(7^R, Ut)" is the free Araki- Woods factor associated with the orthogonal representation 
(Ut). Let £1 be the vacuum vector and let ipu = be the free quasi-free state on P, 

and (at) the modular group associated with ipjj. We remind that we have for any t G R, and 
any ( € K n , 0t(s(C)) = s(U t Q. We remind that we take M = P ® L°°(X) ® B(L 2 (R)) and 
the embedding of (L°°(X) P) xp R into M is denoted by a. Let (u n ) be a sequence of 
elements in (L°°(X) <g>P) xi/jR which almost commutes with Cent(^) and such that \\u n \\ < 1 
for any n G N. Thus (a(u n )) almost commutes with a(Cent(ip)) and in particular (a(u n )) 
almost commutes with cr(P). Hence, according to Proposition 4.2, there exists a bounded 
sequence (v n ) of elements in L°°(X) x 7 R such that cr(u n ) — 1 <8> v n — > *— strongly in 
M = P (g> L°°(A) ® P(L 2 (R)) and ||v n || < 1 for any n G N. Actually, u n is nothing but 
E(u n ), for any n G N, with E : M —> L°°(X)®P(L 2 (R)) the conditional expectation y>[/<g>Id. 
We have somewhat reduced the difficulty of the problem: instead of looking at the sequence 
(u n ) in (L°°(X) ® P) X/3 R, we are looking at the sequence (v n ) in L°°(X) x 7 R. But we 
want to go further; we want to prove that there exists a sequence (w n ) in L°°(X) such that 
o~{u n ) — l®u> n ®1^0 *— strongly in M. If we are able to prove such a result, we are done. 
Indeed, as 1 ® w n 81 £ Z(M) for any n G N, the sequence (1 ® w n ® 1) turns out to be 
centralising in M; but as cr(u n ) — 1® u; n ® 1 — > *— strongly in M, (<j(u n )) is also centralising 
in M. Therefore, (u n ) is centralising in (L°°(X) ® P) R. 

As <j(u n ) — 1 (8> u n — ► *— strongly in M and (u n ) almost commutes with Cent(V'), for 
any y G Cent (?/>), [1 ® v n ,yi3] — > *— strongly in M (we are regarding y as a element in 
M = P® L°°(X) ® P(L 2 (R)), that is why it is denoted by 2/13). Thus for any normal state (j) 
onP, [w„,l®(0®id)(j/)] -> *- strongly in L°°(X)®P(L 2 (R)). Let P = C* ((<?!> ® Id) (y), y G 
P R, G P*). We see that B C P(L 2 (R)) is a unital C*— algebra, and for any t G R, 
G P. Now, since P satisfies condition (M), we know that there exist £, 77 G such 
that the continuous function / defined by /(i) = (Ut^,rj) vanishes at infinity and / 7^ 0. Let 
£' = and r/ = j(r/). Let = (pu(s(rf)-) G P* and x = (<7 t (a(^)))teR G Core(P), with 
Core(P) = P R. We get immediatly that for any £ G R, 

(^®id)(x)(t) = (s(7/)<7 t (s(0)n,n> 
= (<7 t ( s (0)n, 
= (5(t/ t e')n, 

Consequently, (0 ® Id)(x) G C G (R) and (</> ® Id)(x) 7^ 0. Then, according to Proposition 
3.4, K(L 2 (R)) C P. Hence we have proved that for any y G K(L 2 (R)), [v n ,l ® y] — > 
*— strongly. Let £ G £ 2 (R) such that ||£|| = 1; for any fi G £ 2 (R) we shall denote again by fi 
the map from C into L 2 (R) such that for any A G C, ^(A) = A/x. Thus for fi, fi' G L 2 (R), 
0u',n = /i' /U* is a rank-one operator and it is exactly (•,//}//. In particular, these operators 
are compact. For any n G N, let w n be the element of L°°(X) defined by (1 ® £*)v n (l ® £,). 
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For any rj G L 2 (X), we have 



\\wnV\\ 2 = (w* n w n ri,r]} 

= <(1 ® r K(l ® 0(1 ® 0K(1 ® r?) 

= <<(i®% € Kfa®0>»7®0 

= «((1 (8) % f K - v n {l <g> %, e ))(r/ ® 0, " ® + Kfa ® Of- 

Therefore, we get 

|IK"|| 2 - lk("®0ll 2 | < IIK(i % € K)(»/ ® Oil Nl- 

For any r/ G L 2 (X) and // G £ 2 (R), we have 

HK-Wn® = ||(Un-Wn®l)(l®^,€)(»?®OII 

< ||K(i ® 0^) - (i ® 0^K)fa ® Oil 

+ 11(1® WK-Wn® Oil 

< ||(«„(1 ® 0^) - (1 ® 0^K)(" ® Oil 

+||K-wn®i)(??®OII IImII- 

But || (w n — w n <g> 1) (77 (g> Oil 2 = ||^n(?7 ® Oil 2 ~~ ll^n^l) 2 - Thus, using the several inequalities 
we obtained above and the fact that for any y G K(L 2 (R)), 1 (g> y] — > *— strongly, for 
any e > 0, there exists no G N large enough such that for any n > no, 

\\(v n -w n ® 1)(t/®//)|| < £. 

That means exactly that (u n — w n <8> 1) — > strongly. We can do the same thing with t>* and 
w* instead of v n and w n . Hence we have proved that (v n — w n <g) 1) — > *— strongly The 
proof is complete. □ 



Proof of Theorem 3.3. Here, as usual, Aut(C) is endowed with the n-topology. Let us denote 
by r the weakest topology on R that makes the map t 1— ► 74 continuous for the n-topology 
on Aut(L°°(X)). According to Equation (1), as (7-t) and the restriction of (af) on the 
von Neumann algebra L°°(X) are exactly the same, it is clear that for any sequence of real 
numbers (t n ), if t n — > w.r.t. the topology r then i„ — > then w.r.t. the topology r(C). We 
are going to prove the converse. Let (t„) be a sequence of real numbers such that t n —> w.r.t. 
the topology r(C). There exists a sequence of unitaries (u n ) in C such that Ad(u n )oaf n — > Id 
in Aut(C). Then the sequence (u n ) almost commutes with Cent?/'- So according to Lemma 
3.5, (un) is centralising in C. That means exactly that Ad(u n ) — ► Id in Aut(C), thus af n — > Id 
in Aut(C). Therefore i n — > w.r.t. the topology r. □ 



We wish to end this section by giving a consequence of the previous result. First, we are 
going to remind a few things about mixing actions on a probability space. 

Definition 3.6. [7] Let (X, fi) be a probability space, and let 7 be a measure-preserving 
transformation of (X,fi). Let r be the canonical trace on L°°(X) given by the probability 
measure [i. The transformation 7 is said to be mixing if for any f, g G L 2 (X,fi), 

(/ o j n )gd(i — > r(/)r(y) w/ien |n — > +00. 
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Example. Let r G]0, 1[. Let Xq = {0, 1} with /j,q(0) = r and [1q(1) = 1 — r. Let (X r ,fi r ) be 
the probability space JJ(Xo,/Xq), and let 7 r be the Bernoulli shift on (X r ,fj, r ) defined by: 
z 

V(c n )„ e z € X, J r ■ (C n ) n6 z = (c n +l)neZ- 

It is well-known that 7 r is a measure-preserving, free, ergodic, mixing transformation. So, 
we obtain a measure-preserving, free, ergodic, mixing action of Z on the probability space 
(X r , fj, r ). Moreover, according to [7], the entropy of the transformation 7 r is given by H(-j r ) = 
— (r log 2 (r) + (1 — r) log 2 (l — r)). Therefore, we obtain a continuum of pairwise non-conjugate 
measure-preserving, free, ergodic, mixing actions. 

From now on, let (7™) n ez be a measure-preserving, free, ergodic, mixing action of Z on 
L°°(X, /_/). We are going to induce this action up to R in the following way. Let 

A = L°°(RxI) z 

= {FeL°°(RxX),n-F = F,VneZ} 

= {F G L°°(R x X),F(t,Y\x)) = F(t + n,x),V(n,x,t) eZxXxR}. 

We consider the action (at) of R on A defined by: for any s, t G R, x G X and F G A, 
(<TtF)(s, x) = F(s — t,x). It is well known according to [19] that (at) is a measure-preserving, 
free, ergodic action of R on A, and Axi a ~R is isomorphic to (L°°(X) x 7 Z)<g>i?(L 2 (R/Z)). We 
can identify A with L°°(Y, u) where (Y,u) isomorphic to ([0, 1[, A) x (X, //) as a probability 
space. More precisely, for any t G R, let t = [t] + {t}, with [t] the entire part of t. The 
mapping 9 : L 2 ([0, 1[, A) <g> L 2 (X, n) -> L 2 (l» defined by, 6(£®r))(t,x) = Z({t})v(~f [t] (x)), 
for £ G L 2 ([0, 1[, A) and 77 G L 2 (X,fi) is an isomorphism of Hilbert spaces. Through this 
isomorphism, we can identify L 2 ([0, 1[,A) <g> CI with L 2 (R/Z,A). We shall denote by H 
the orthogonal of L 2 (R/Z) in L 2 (Y,u), i.e. H is nothing but L 2 ([0, 1[) <g) (L 2 (X,fi) CI). 
Moreover, the action (cr t ) of R on A = L°°(Y) gives rise to a unitary representation (Ut) of R 
on the Hilbert space L 2 (Y, v): if the canonical embedding of L°°(Y) into L 2 (Y, v) is denoted 
by 77, ([/() is defined by Uti](y) = rf(a-t(y)) for any y G L°°(Y). We want to go further and 
prove the following result: 

Proposition 3.7. With the previous notations, we have for any (1, C2 £ T~Lq, (Ci> UtC,2) 
when \t\ — > +00. 

Proof. It suffices to show that for any £1, £2 £ -^ 2 ([0, 1[, A) fl L°°([0, 1[) and any 771, 772 G 
(L 2 (X,/j)eCl)nL°°(X), (£i®77i,C/ t (£ 2 <8)772)} ^0when|t| ^+00. Let 6, 6 G L 2 ([0, 1[, A)n 
L°°([0, 1[), 771, 7/2 G (L 2 (X,/j) e CI) n L°°(X) and t G R. We get 

<6®»7i,Ot(&®»&)) = // ei({ S })77 1 (7 H (^))6({s + n)%(7 [s+t] (^))d/^(x)dA( S ) 

J J[0,l[xX 

(8) = / £i(W)6({« + *})(/ r /1 (7 H (x))r/2(7 [s+t] W)d^(x))dA( S ). 

As the action (7 n ) ra ez is mixing, it is clear that with s G R fixed, 

f m (^(x))ri 2 (^ s+t \x))dfi(x) ^0 

when \t\ — > +00, because 771, 772 G (L 2 (X,fi) Q CI) n L°°(Af). The function / : s h-> 
6({s})6({s + t}) (/^7/ 1 (7W(x))77 2 (7 [s+ * 1 (^))d/(i(x)) is such that for any s G R, \f(s)\ < 
ll^i II 11^2 1| H^/i || 1| which is integrable on [0, 1[ with respect to the Lebesgue measure A. Fi- 
nally, thanks to the dominated convergence theorem applied to / with Equation (8), we have 
proved that (£1 <8> 771, £^(£2 <8> W2)) —> when \t\ —> +00. □ 
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For the flow (a t )ten on the probability space (Y, v), let r(cr) be the weakest topology on 
R that makes the map from R to Aut(L°°(Y)), which sends t onto at, continuous (notice 
that Aut(L°°(Y)) is endowed with the ^-topology). We can prove the following result: 

Proposition 3.8. For the flow (at)t<=n on the probability space (Y, v) as before, the topology 
r(a) is the usual topology on R. 

Proof. Let (tfc)fceN be a sequence of real numbers such that tk — ► with respect to the 
topology r(cr). Then, a tk — > Id in Aut(L°°(Y)) with respect to the w-topology. In particular, 
for any ( G L 2 (Y) Q L 2 (R/Z), ( + 0, {(,U tk () -► ||C|| 2 + when fc -» +oo. Consequently, 
we get, thanks to Proposition 3.7, that (tk) is necessarily bounded. Moreover, for any cluster 
point t of the sequence (tk), we must have at = Id. As the flow (cr s ) se R is free, t = 
necessarily. Therefore, tk — ► w.r.t the usual topology on R. □ 

At last, it is easy to prove the following claim: let a\ and 02 be two flows which come from 
two actions of Z, 71 and 72; if the flows a\ and a<i are conjugate, then the actions 71 and 72 
are conjugate. Therefore, we have proved the following result: 

Theorem 3.9. Let N be L(F OQ )^)B(7{) endowed with the one-parameter automorphism group 
(«t)teR scaling the trace from Radulescu [11]. For r G]0, 1/2], let 7 r be the Bernoulli shift 
on (X r ,fj, r ) defined as before, and a r the flow on L°°(Y r ) obtained from 7 r after induction 
to R. With the family (N a x O y-k oo 0'r-))re]0,i/2] , we get an uncountable family of pairwise 
non-isomorphic factors of type IIIi . All these factors are non-full but they have the same r 
invariant: it is the usual topology on R. In particular, they have no almost periodic weights. 



4. Appendix 

In this last section, we are going to prove a kind of "14e lemma" which can be viewed as a 
new version of Lemma 4.1 in [20] and Lemma 4.1 in [21], which were also a generalization of 
14e lemma due to Murray & von Neumann [5] (see [1] for another version of this lemma in case 
of a free product of two von Neumann algebras of type III). We will denote by (P, uj) a free 
Araki- Woods factor with its free quasi-free state u: we remind that to is given by {-Q, Q.) with 
Q the vacuum vector (see [17] for further details). We shall denote by A the von Neumann 
algebra L°°(A) <3 B (L 2 (R)) . Let a be the canonical embedding of (L°°(X) <g>P) x 7 ® CT " R into 
P (g) A; in particular, for any y € P, a(y) = (a^ t (y))teR an d thus a(y) € P <g> L°°(X). Let 
E : P(g)A —> A be the conditional expectation defined by E = w<g>id. Let K, = L 2 (X) (g)L 2 (R) 
be the Hilbert space on which A acts; let £ € K, such that ||£|| = 1, and u>^ the vector state on 
A associated with £. We shall denote by IHI^^ the semi-norm with respect to the normal 
state uj 00^ on P A. 

Lemma 4.1. Let (Pi,oJi) be two von Neumann algebras endowed with a faithful normal state 
oji (i = 1,2) such that we can write (P,oj) = (P\,uj\) * (^2,^2)- Let a £ P\ and b, c £ Pi- 
Assume that a, b, c are analytic with respect to the state uj. For any x € P <8> A and any 

e g k, \u = 1, 

\\x - £(i)IL 8W{ < £ (a, b, c) max { || [a(a),x] \\ ulg)Ue , \\ [a(b),x] || W(8W4 , || [a(c),x] \\ UISue } 
+jT(a, b, c) \\x\\ 
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with 

S(a,b,c) = 6||a|| 3 + 4||6|| 3 + 4||c|| 3 , 

F(a,b,c) = 3C(a) + 2C(b) + 2C(c) + 12\u;(c*b)\ \\c*b\\, 

C(a) = 2||a|| 3 ||a- C Tr /2 (a)||+2||a|| 2 ||a(a)(a*®l)-l||^ 

+3(l + ||a|| 2 )||a*a-l||+6|u;(a)| ||a||. 

Proof. For each Pj let us denote by Hi the Hilbert space which comes from the GNS represen- 
tation of uji and let £j be the associated cyclic vector. Let us take (H, 0) = (Hi, tti)*(H 2 , ^2)- 
We remind [22] that 

H = CVL®{Hi® H(2, 1)) © (H 2 ® W(l, 0) 

with Hi = HiG Cn t , 

H(2, l) = CQ®H 2 ® (H 2 ® Hi) © (H 2 ® Hi ® W 2 ) • • • , 

w(i, = co e e (Wi ® w 2 ) © (7ii ® w 2 ® Wi) e ■ ■ ■ . 

Moreover we shall denote by Tii and ?i 2 the Hilbert spaces Hi(g>H(2, Z) <8>/C and H 2 ®H(l, Z)® 
K. 

Let x ej 3 <8) A and let us define 77 = x ■ (Q ® £). We write 77 = (1 ® P(x)) • (0 ® £) + /x + 7 
with jU G and 7 G "H 2 . We define for (eH and y € P, C • 2/ = Jy* J ' d an d we notice that 
(zft) -a^ 2 (y) = zyQ for y € D(af /2 ). Let x = x - l®P(x), r/ = ^ + 7, ^ = cr(a) • r? • (a*® 1), 

7 = <r(a) • 7 • (a* ® 1), /x = cr(a) ■ fx ■ (a* ® 1) and £ = 770 — 7 — 7. First of all, we are going to 
assess the quantity \\rj — ^H^®^- We have 

77 = a(a) ■ rj ■ (a* ® 1) 

= cr(a)x • (tt ® £) ■ (a* ® 1) 

= [cr(a), x] ■ (fi <8> ■ ( a * ® 1) + z<r(a) ■ ® £) ■ (a* ® 1) 

= [<r(a), x] ■ (fi ® ■ (a* ® 1) + xa{a) ■ (fi ® f ) ■ ((a* - crf /2 (a*)) ® 1) 

+xa(a)-(O®0-«/ 2 (a*)<8)l) 

= [a(a),x] ■ (fi ® ■ (°* ® x ) + ^( a ) ■ ( n ® ■ (( a * ~ </ 2 ( a *)) ® 1) 
+xcr(a)(a* ® 1) • (0®£). 

Thus, we get immediatly 

(9) ll^-^IU^ < ll«llllk(«)^]IU^ + lkllll«llll«-</2(«)ll 

+IMI Ho)(o*®i)-i|L®a, e - 

Moreover, a straightforward computation gives us 

-||7l| 2 | < (l+||a|| 2 )||a*a-l||||x| |2 
I (A, 7)1 < (l+||a|| 2 )||a*a-l||||x| |2 



Let us denote by Q 2 the projection onto the Hilbert space H 2 . As a G Pi, we can easily see 
that 

\\Q 2 (a(a)(JaJ ® 1) -7)|| < |w(a)|||(JaJ ® 1) ■ 
Thus, we obtain the following inequality 

1(7,7)1 < l^(o)ll|a||||A|| 2 ^. 
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Because ji _L 77, we get immediately |(C, 7 }| = | (7, 7) |- We still have to assess the quantity 
|(C,7}|. Before doing that, we can notice that as a G Pi, a(a*)(l <g> E(x))(Q ® £) G CQ,®Hi. 
Hence 

(r?-r? ,7) = <(l®S(x))-(n®0,ff(a)-7-(a*®l)> 

= (a(a*)(l®E(x))-(fi®0,7-(a*®l)) 
= 0. 

We can prove exactly in the same way that 

(»7 - ilo,l) = 0. 

Now 

(C>7> = (^o-7-7>7) 

= iv -1-1,1) 

= (V -V,l) ~ (l,l) + (V -l,l) 
= (V ~ fj, l) ~ (l, l) + (vo ~ 1, l) 

= iv -v,i) - (7,7) + (A, 7) 

because (77 — 7/0,7} = {fj — 770,7} = 0. Thus, thanks to Equation (9), we get an inequality for 
|(C) 7} |- Of course 

IHI 2 + IMI 2 = IIC + 7 + 7II 2 

> IICII 2 + Il7l| 2 + II7II 2 " 2|(C,7)I - 2|(C,7)I " 21(7,7)1 

> 2|| 7 || 2 - ||| 7 || 2 - || 7 || 2 | - 2|(C, 7 )| - 2|(C,7)I " 21(7,7)1- 

Finally, noticing that ||x|| w8)a ; c < ||x|| a , ( g^, i because E = u ® id, and using all the previous 
inequalities we obtained above, we have 

(10) ||7|| 2 < ||/ii|| 2 + 2||a|| 3 ||[<7(a),£]|| W(g)a ,J|x|| W( g )a , 5 +C(a)|| X 1 1 1 1 X 1 1 oj(g)u)£ • 

We can do now exactly the same thing as before with b and c instead of a. Indeed, let 
rf = a{b) ■ 7? ■ (b* ® 1), r]" = a(c) ■ 7? ■ (c* <g> 1), // = a(b) ■ fj, ■ (b* ® 1) and fj," = a(c) ■ fj, ■ (c* <g> 1). 
We define (' = 7/0 — \i — p! — /J.". We find that 

||H| 2 + IMI 2 > 3||/.|| 2 - Hi/all 2 - || M '|| 2 | ~\M 2 - \W'f\ - 2|<C',A*>| - 2|(CV)| 
-2|(C / ,/ J ,/ )|-2|(/x,/a / }|-2|(/x,/)|-2|( / x',/x"}|. 

Once again, we assess the negative terms and we get 

(11) 2||H| 2 < N^ll 2 -K SH^lPlK^Cfo), ^]||^^ € -K SlIclPlKcxCc), ^]||^^ £ ll^lUc^^ 

+ (C(b) + C(c) + 6|w(c*6)|||c*6||) llxlHlflU^. 

As ||/j|| 2 + ||7|| 2 = IMI 2 ®^, a combination of inequalities (10) and (11) gives the inequality 
of the lemma. □ 

Let Pi be two free Araki- Woods factors endowed with their free quasi-free state u>i, (i = 1, 2) 
such that (P,oj) = (Pi,Ui) * (^2,^2)- We know, thanks to Lemma 4.3 in [20], that Pi 
contains a bounded sequence of elements (a n ) analytic w.r.t. the state co and which satisfy 
H°t/2( ara ) ~~ a "ll ~~ * ll a n a « ~~ 111 — * 0, oj(a n ) — > and <r(o n )(a* (g> 1) — 1 — > *— strongly. 
We know besides that P2 contains bounded sequences (b n ) and (c n ) which satisfy the same 
condition as (a n ) and the condition uj(c* n b n ) — > 0. We can now state the following proposition, 
used in proof of Lemma 3.5: 
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Proposition 4.2. Let (x k ) be a bounded sequence in C C M = P ® L°°(X) <g) B(L (R)) 
which almost commutes with o~{P). Then E(x k ) — x k — > *— strongly. 

Proof. The proof of this proposition is a straightforward application of Lemma 4.1. Let 
f € /C, ||f || = 1, e > 0, and M = sup{||a„||, ||6„||, ||c n |j, ||x fc |j}. As a(a n )(a* n <g> 1) - 1 -» 
*-strongly, it is clear that ||cj(a n )(a* <8) 1) — l||a)®a;^ > 0- So, there exists n G N such that 
c n ) < jf- Then with this particular n, as (x k ) almost commutes with a(P), there 
exists ko G N such that for any k > ko, 

max { || [a(a n ),x k ] || w0We , || [<r(6 n ), x fc ] || wgh , e , || [a(c„), x fc ] || W0W4 } < 3^3- 
Hence, we have proved that 

V£ G /C Ve > 3 k e N Vfc > A; ||x fc - S(x fc ) ||^ < e. 

That means exactly that x k — E(xk) strongly in M. We can do the same thing for x\. 
Thus, we have proved that x k — E{x k ) — > *— strongly in M. □ 
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